ABSTRACT This paper discusses the localization problem for strictly noncircular sources based on Doppler shifts and angle of arrival (AOA). The conventional location methods, called two-step methods, first extract measurement parameters from the signals, and then estimate the position from these parameters. Unlike the conventional two-step methods, direct position determination (DPD) methods can locate emitter in a single step without estimating intermediate parameters, thereby receiving higher location accuracy. However, existing DPD algorithms focusing on moving receivers remain few, and ignore exploiting the noncircular property of sources to enhance the localization accuracy. To solve these problems, this paper develops a decoupled maximum likelihood (ML) DPD algorithm for strictly noncircular sources based on Doppler shifts and AOA. First, we reconstruct the DPD optimization model by exploiting the noncircular property of sources and using Doppler shifts to meet the moving receivers application. Then, since the prescribed ML DPD algorithm for multiple sources will suffer huge computation load, a decoupled iterative idea is applied to it. Compared with the straightforward implementation of ML estimators, our method substantially reduces the computation complexity via decoupling the position of each emitter from the other emitters in each iteration. In addition, we derive the Cramér-Rao Bound for strictly noncircular sources, and prove it is lower than that of circular sources. Simulation results demonstrate that the proposed algorithm achieves convergence through only a few iterations, and receives superior performance than other location methods in the test scenarios.
I. INTRODUCTION
Noncircular signals [e.g., amplitude modulated (AM) and binary phase shift keying (BPSK) signals] are widely used in modern wireless communication systems. Compared with circular signals, the unconjugated statistical property of noncircular signals can be utilized to improve the performance of algorithms. This finding has become a hot spot in signal processing field, which is shown in wide linear filtering, direction of arrival (DOA) estimation, and blind channel recognition [1] - [3] . Since the great demand of location services appears in communication systems, the localization problem for noncircular sources is worth further investigation.
The conventional location approaches [4] - [8] are composed of two separate steps: (1) The intermediate parameters (e.g., DOA, time of arrival (TOA), and time difference of arrival (TDOA)) are extracted from received signals; (2) The location is determined based on the parameters of the first step. The methods exploiting noncircular property [9] - [12] can enhance parameter estimation performance, such as Abeida and Delmas [9] obtain super-resolution DOA of noncircular sources based on multiple signal classification (MUSIC) algorithm, Wenet al. [10] estimate TOA for complex noncircular signals. But the localization processing step cannot take advantage of the noncircular property. Since the conventional two-step method contains two processing steps, more errors will be introduced in the step-by-step calculation [13] . Additionally, when multiple sources exist, the parameters measured in first step may not be correctly associated with the transmitter, decreasing the localization performance. Consequently, the conventional two-step method is suboptimal, falling to guaranteeing high location accuracy.
In contradiction to the conventional two-step approach, DPD technique can directly obtain the source position from all received signals in a single step, and exploit the intrinsic constraint to improve localization accuracy, thereby the DPD methods outperform the conventional two-step methods, especially under low SNR conditions. Moreover, for multiple sources, the DPD methods avoid the problem that the measured parameters match with which source in twostep methods.
With their superior localization performance, the DPD algorithms have been intensively investigated in recent years [14] - [28] . For a single source, Weiss pioneered a ML DPD algorithm [14] with unknown signal waveforms, demonstrating the DPD algorithm outperforms the twostep algorithm with heavier computational load. In order to reduce the computational complexity in ML estimator, Weiss successively propose a DPD algorithm based on subspace data fusion (SDF) criterion [15] , which also satisfies the multiple sources case. The above DPD algorithms are based on TOA or the combination of TOA and AOA for stationary receivers. However, when the receivers (i.e. airplanes or unmanned aerial vehicles (UAVs)) move at high speed, Doppler effect is inevitable, therefore these DPD algorithms cannot obtain the best location performance without using Doppler shifts. Weiss [16] first applied Doppler shifts to DPD algorithms, enhancing the location performance. For multiple sources, [15] and [17] proposed the SDF DPD and the minimum variance distortionless response (MVDR) DPD methods when the signal waveforms are unknown, respectively. They can resist jamming and interference and obtain high resolution. Even if low computational complexity, they cannot reach the corresponding CRB and perform badly at low SNR. To receive higher localization accuracy, a MLbased DPD need to develop. However, when multiple sources exist, the ML estimator based on grid search will suffer a large amount of computation load, which becomes difficult to realize in practical application. Hence, a decoupled iterative idea was applied to the ML DPD algorithm (called DML DPD). Compared with the straightforward implementation for multiple sources of ML estimator, this method substantially reduces the computation complexity via decoupling the position of each emitter from the other emitters. Moreover, although the location performance of ML-based DPD algorithm is great, it can be further improved by exploiting signal properties. These DPD algorithms [20] - [22] can obtain superior localization accuracy by exploiting the constant modulus, orthogonal frequency division multiplexing and cyclostationary properties of signals. In summary, when moving receivers exist, the decoupled ML DPD algorithm also cannot obtain the best location performance without using Doppler shifts. Additionally, to the best of our knowledge, the existing DPD algorithms for noncircular sources mainly based on SDF criterion (NC-SDF DPD) [23] - [25] , and the ML DPD algorithms using the constraint of noncircular signal waveforms remain few. Consequently, the current situations present a strong demand of the ML DPD method for noncircular sources with moving receivers.
This study propose a decoupled ML DPD algorithm for strictly noncircular sources (NC-DML DPD) based on Doppler shifts and AOA, and its main contributions are summarized as follows:
(1). The CRB for noncircular sources is derived, providing a valid benchmark to evaluate the localization accuracy of different methods. Additionally, this CRB is proved to be lower than that of circular sources in theory.
(2). Unlike the most existing signal models for stationary receivers, we reconstruct signal model by using the information combined with Doppler shifts and AOA to meet moving receivers application. And we further optimize the signal model with the constraint of noncircular signal waveforms.
(3). The prescribed ML estimator suffers high computation load of multidimensional search for locating multiple sources. To solve this problem, we propose a decoupled iterative DPD algorithm based on ML criterion. It decouples the position of each emitter from the other emitters, taking a two-dimensional search for locating the emitter instead of multidimensional search in each iterative step. Via exploiting the noncircular property of signals, the complex-valued eigenvalue decomposition is transformed into real-valued computations. The location performance of proposed method is better than other methods in the test scenarios.
The rest of this paper is organized as follows. Section II lists the notations used in this paper. Section III constructs the signal model for strictly noncircular sources, and formulates the problem. Section IV discusses the closed-form expression of CRB of position. Section V proposes the decoupled ML DPD for strictly noncircular sources based on Doppler shifts and AOA, and makes a computational complexity analysis. Section VI presents several numerical simulations to validate the accuracy and reliability of the theoretical analysis. Finally, Section VII concludes the paper.
II. NOTATIONS
In this paper, upper case and lower case boldface letters will represent matrices and column vectors, respectively. For convenience, we list some notations shown in TABLE 1.
III. SIGNAL MODEL CONSTRUCTION AND PROBLEM FORMULATION
In this section, we first introduce the concept and property of noncircular signals, and then construct the signal model for strictly noncircular sources based on Doppler shifts and AOA.
A. NONCIRCULAR SIGNAL
Consider that a noncircular signal does not satisfy the rotation invariance, which means its first-order and second-order statistical information remain unchanged through an arbitrary rotation. For a zero-mean complex signalŝ, the relation between variance and unconjugated variance ofŝ can be expressed by
where φ denotes the noncircularity phase, and ρ denotes the noncircularity rate, which satisfies 0 ≤ ρ ≤ 1. When ρ = 0,ŝ is a circular signal. But when 0 < ρ ≤ 1,ŝ denotes a noncircular signal. Specifically, we call the signal with ρ = 1 maximum noncircularity signal or strictly noncircular signal, for example, amplitude modulated (AM) signals and binary phase shift keying (BPSK) signals. Moreover, we will focus on strictly noncircular signals in our study. According to [19] , the real part and the imaginary part of strictly noncircular signals are linearly related. Thus,ŝ can be generated asŝ
where s is a real-valued signal, and ϕ denotes the initial phase.
B. SIGNAL MODEL AND PROBLEM FORMULATION FOR STRICTLY NONCIRCULAR SOURCES
This section is to build the signal model and formulate the location problem for strictly noncircular sources. This study considers the scenario that L moving receivers equipped with M antenna arrays, each observer intercepts the transmitted signal along in K short intervals. In order to construct the signal model of DPD completely, three assumptions are included as follows. Assumption 1: The receivers are moving along an arbitrary but known trajectory, and they are synchronized in frequency and time. Let p l,k and v l,k , where k = {1, · · · , K } and l = {1, · · · , L}, denote the position and velocity of the lth receivers at the kth interception interval, respectively. They are constant during the interception interval.
Assumption 2: The Q strictly noncircular sources locate in the far-field of the moving arrays. Denote the position of the qth source by p q x q , y q , q ∈ {1, · · · , Q}.
Assumption 3:
Compared with the inverse of the propagation time among the observers, the signal bandwidth is small (i.e., B < 1/τ ), where τ denotes the maximal propagation time among the receivers. Thus, for a given signal bandwidth, the observers spatial separation will get a restriction.
Then, the complex signals observed by the lth receiver at the kth interception interval at time t, r l,k (t) ∈ C M ×1 , is expressed as
where T is the observation time interval. During the kth interception interval, b l,k,q and a l,k p q ∈ C M ×1 denote the channel attenuation and the steering vector between the qth transmitter and the lth receiver, respectively, s k,q (t), which is unknown, is the complex envelope of the qth source, n l,k (t) ∈ C M ×1 is the white Gaussian noise vector and finally f l,k,q is the frequency observed by the lth receiver of the qth source given by
where f c is the known nominal frequency of the transmitted signal, υ k is the unknown transmitted frequency shift due to the source instability, µ l,k p q is the Doppler effect between the lth receiver and the qth source, which can be written as
where c is the signal's propagation speed. Normally,
Furthermore, the nominal frequency f c is known to the receivers. We assume that each receiver performs a down conversion of the intercepted signal by the nominal frequency. Thus, after down conversion the signal frequency can be approximated as
Assume that the down converted signal is sampled with period T s and N sample data are available during each interception interval. Then, (3) can be expressed in a vector form as
where
here λ is the signal wavelength. Obviously,
The noise vectors n l,k are independent and normally distributed.
IV. CRAMÉR-RAO BOUND
The CRB gives the minimum variance of unbiased estimators, so it is expected to evaluate the best performance of DPD methods at a moderate noise level. This section firstly derives the CRB on the position estimation variance for noncircular sources, and then will prove that this CRB is lower than the CRB for circular sources. Note that these work are based on the signals are unknown.
A. CRB FOR NONCIRCULAR SOURCES
According to [15] , the m, nth entry of the Fisher information matrix (FIM) of unknown vector ξ is written by
ξ denotes all unknown parameters, where
Thus, J ξ ξ can be expressed by
these subblocks derived in Appendix are used to compute the CRB of ξ [30] . Moreover, the CRB of position can be obtained by
B. CRB COMPARISON
This subsection provides a result that the CRB of position for noncircular sources is lower than that for circular sources. The followings are the proof part. Denote = s T , b T , υ T , ϕ T T , and therefore parameter ξ can be expressed by
According to [30] , the inversion of the CRB of position for noncircular sources can be shown as
where J p p , J p , J and J p are the corresponding subblocks of J ξ ξ . Next, we analyze the CRB for circular sources. Since the phase of signals is different at different sample point and observation, thus we use
to parameterize the phase of circular signal waveforms. Noted that ϕ can be regarded as the initial phase of circular sources, ϕ can be rewritten as
Replace ϕ in (11) with ϕ , thus the unknown parameters ξ of circular signal model can be expressed by
Then using the reslut shown in (16) , the inversion of the CRB of position for circular sources can be shown as
Employing the block-partitioned matrix inversion lemma [30] yields
For easy comparison, we combine (16) and (20) leading to
Since the right side of (22) is position semi-definite, we get the result
which verifies the result that the CRB of position for noncircular sources has a lower boundary.
Remark 1:
Compared with the number of the unknowns corresponding to the phase of circular signals, that of noncircular signals is decreased substantially by exploiting the noncircular property of signals, leading to a lower CRB of position. Based on the above analysis, we will develop a decoupled ML DPD algorithm for strictly noncircular sources, which can enhance performance in theory.
V. DECOUPLED DPD METHOD FOR STRICTLY NONCIRCULAR SOURCES
In this section, a ML function is formulated for strictly noncircular sources firstly. Then, the decoupled ML DPD algorithm is proposed to solve the multidimensional search problem.
A. DPD OPTIMIZATION MODEL
To simplify the subsequent derivation, we define the following scalars
Thus, the corresponding signal model is rewritten as
The received signal r l,k is a complex Gaussian random vector with mean
Therefore, the likelihood function for r can be calculated as
The corresponding logarithmic likelihood function can be expressed as
The ML estimation of noise power σ 2 iŝ
By substituting (28) into (27) , the ML estimation of the parameter ξ can be obtained bŷ
with
However, because a multiparameter, and high-dimensional nonlinear optimization problem exists in this function, it is hard to obtain the closedform expression ofξ . To solve this problem, we proposed a decoupled solution in the next subsection.
In order to simplify the problem and subsequent derivation, we first focus a solution for a single source. Then, with the idea of decoupled method, the decoupled ML DPD method for multiple sources will be discussed.
B. DECOUPLED METHOD FOR A SINGLE SOURCE
Consider a single source case, and decide the unknown parameter α 1
The corresponding signal model is shown as
Therefore, the ML estimators of α 1 can be obtained bŷ
By minimizing the above expression,b l,k,1 are estimated bŷ
. (35) VOLUME 6, 2018 Note that
Applying (36) to (35) yieldŝ
Substitution of (37) in (34) yields
r l,k H r l,k is independent of the unknown parameters, we estimate the parameters via maximizing the cost function
Using the constraints that ω k,1 is a real-valued vector, (40) can be rewritten as
Due to the quadratic form w.r.t ω k , the optimal solution to ω k should be selected as the eigenvector respect to the largest eigenvalue of matrixṼ k (p 1 )Ṽ T k (p 1 ). Therefore, the optimization problem in (42) reduces tô
where λ max {·} denotes the largest eigenvalue of the matrix. The dimension ofṼ k (p 1 )Ṽ T k (p 1 ) ∈ R N ×N increases with the number of signal samples. Meanwhile, the computation complexity of determining the eigenvalues of
It is worthy noticing that the nonzero eigenvalues ofṼ
. Hence, the expression ofp 1 can be rewritten aŝ
which reduces the computation load of the eigenvalue decomposition significantly. Remark 2: Via decoupling b 1 , s 1 , and υ, we obtain the cost function only related to the position p 1 to locate the position directly without prior information of stray parameters. We employ the noncircular property of signals, leading the transform of the complex-valued eigenvalue decomposition into real-valued matrix computation, and we further find a lower dimensional computation for eigenvalue decomposition according to the Hermitian matrix property. Compared with a twostep procedure, the DPD method performs superior, which will shown in subsection VI-A.
C. DECOUPLED METHOD FOR MULTIPLE SOURCES
We now investigate the DPD method for multiples sources. For multiple sources, the prescribed ML DPD algorithm, locating position by grid search, will face overwhelming computation load. To solve this problem, a decoupled iterative method is proposed. Within one iteration, the unknown parameters of each source is decoupled from the other sources in each update process. While optimizing the unknowns of the qth source, the rest unknown parameters remain constant in one iteration.
For the sake of easy exhibition, the unknown parameters of the qth source can be expressed by
Then, all unknown parameters fuse into a vector α as follows
thus, the cost function can be calculated as
Based on the idea of the decoupled iteration solution, we estimate the unknown parameters of one source in one update process, and we update the unknowns of Q sources in one iteration step. We definẽ
Thus, in the ith iteration, the estimation of η q can be obtained bŷ
whereη (i−1) (q) denotes the updated value ofη (q) in the (i − 1)th iteration. Moreover, since t l,k η(i−1) (q) acts as a constant vector, the above expression can be represented aŝ
Obviously, the above cost function is similar to (34), therefore we can use the solution for a single source to solve this optimization problem. Similar to (43), we can obtain the estimation ofp q in ith iteration, which is given bŷ
Meanwhile, with the help of (40), the estimation ω k,q can be expressed bŷ
where e max {·} denote the eigenvector associated with the largest eigenvalue of the matrix. And then, we updateb
into (37) and replacing r l,k withr
Here we accomplish updating η q , and then we will accomplish updating α in the ith iteration. We will stop iterating until the normalized value of the cost function converge to a small constant number.
To better present the decoupled iteration procedure, based on the principle derived in this section, this method can be implemented as follows.
Algorithm 1 The Procedure of the Proposed Method
Initialization stage: 1. Define a small number ε > 0 as a convergence threshold, and set the iteration counter to i = 1. q , then use (53) and (54) to get ω
Initialize the unknown parameters η
Remark 3: As a ML estimator, it can be proven that the proposed method can reach the associated CRB. Moreover, we investigate the property of the strictly noncircular signals, leading to a superior location performance than the existing ML methods.
D. COMPUTATIONAL COMPLEXITY ANALYSIS
From the above analysis, we propose a method that transforms the multiparameter and high-dimensional nonlinear optimization problem into several optimization subproblems, whose dimension is much smaller than that of the original problem. For a single source, the computational load mainly contains eigenvalue decomposition and grid search in the position set of interest. At each position grid point, we need to compute V k (p) in (41) firstly, and then realize the eigenvalue decomposition ofṼ T k (p)Ṽ k (p)). The total number of calculation equals O((8LMN 2 + 4NL + 8L 3 )KN p ), where N p is the number of grid search points respect to position. For Q sources, apart from the similar calculate steps to a single source case, the computation also involve the update ofω k,q andb l,k,q . In summary, the total number of operations equals
, where I is the number of iteration. Here, we mainly discuss the multiple sources case. Table 2 shows the computational complexity comparison of the SDF DPD, DML DPD and NC-DML DPD methods. The SDF DPD method, applying the basic idea of [15] to moving-array scene, demands a small amount of calculation. Note that the VOLUME 6, 2018 iteration is not required even if there exists Q sources. Similarly, the DML DPD method applies the decoupled iterative idea to moving-array scene. On this basis, the NC-DML DPD method further exploits the property of strictly noncircular sources to get higher localization accuracy. As shown in TABEL 2, the SDF DPD method require fewer computational resources than the other two. Meanwhile, the amount of computation of the DML DPD and NC-DML DPD methods are almost equivalent.
VI. NUMERICAL EXPERIMENTS
In this section, several numerical experiments are presented based on 100 Monte Carlo trials. In this scenario, we assume three moving receivers, which are equipped with a uniform linear array (ULA) with M = 3 sensors. The adjacent sensors are spaced at d = 0.5λ, where λ is the wavelength. Three moving receivers begin maneuvering at [3, 0] T km, [10, 3] T km and [7, 8] The number samples is N . The interval between adjacent observation point is 2 km, and we make a total of K = 5 observations.
We examine the performance of the proposed algorithm through two kinds of situations analysed in Section V: a single strictly noncircular source and the multiple strictly noncircular sources. Simulation works compare the following four algorithms:
1. The NC-DML DPD algorithm proposed in this study;
2. The DML DPD algorithm designed for circular sources;
3. The NC-SDF DPD algorithm; 4. The SDF DPD algorithm; 5. The AOA/Doppler two-step algorithm. whose are shown in TABEL 3.
Root mean square error (RMSE) to evaluate localization accuracy is defined by
A. SINGLE NONCIRCULAR SOURCE SITUATION Consider a single noncircular source placed at [0, 0] T km.
Since the NC-SDF DPD algorithm can hardly enhance the localization performance for a single noncircular source, we abandon it to algorithm comparison in this part. The RMSE of each algorithm and CRB for a strictly noncircular source (called by NC-CRB), as a function of SNR, are achieved to illustrate the localization performance in Fig. 1 . From Fig. 1 , we can find that the RSMEs performance of the two-step algorithm is worse than that of DPD algorithms. As the previous analysis, at low SNRs, the SDF DPD algorithm perform badly and the NC-DML DPD algorithm gets closer to the NC-CRB than other algorithms. With the SNR increases, compared to the non ML-based algorithms, the NC-DML DPD and the DML DPD algorithms can rapidly algorithms are degraded at low SNR conditions, the NC-DML DPD method still outperforms other methods. As the SNR increases, the SDF DPD and the two-step methods are still apart from the corresponding CRB, but the location performance of the NC-DML DPD and the DML DPD methods are almost unaffected. Consequently, the NC-DML DPD and DML DPD methods are more robust to model errors, and the former exhibit the best location performance.
B. MULTIPLE NONCIRCULAR SOURCES SITUATION
Without loss of generality, we consider two strictly noncircular sources placed at [6, 4] T km and [4, 6] T km, respectively. Firstly, since the NC-DML DPD and DML DPD methods both are iterative algorithms, it is necessary to study the convergence performance of these two methods. The normalized values of (47) are evaluated, as a function of iteration steps. We examine the performance when the SNR=0dB and SNR=10dB, respectively. From Fig. 3 , our algorithm converge at about 3 iterations at two different SNRs, which is less than that of the DML DPD algorithm.
Secondly, we continue to present the RMSEs of all the algorithms but two-step algorithm as a function of SNR, because two-step algorithm can hardly locate position VOLUME 6, 2018 effectively in multiple sources situation. This simulation work includes two parts, in the presence and in the absence of model errors, and the error parameters are consistent with those of a single source case. The simulation results are presented in Fig. 4 and Fig. 5 . When locating two emitters, our algorithm still perform robust to SNR and model errors. Our algorithm has lowest RMSEs of position at low SNRs, and the reason why it cannot reach the corresponding CRB at low SNRs is that it is also likely to converge to a local minimum. Similar to the result in Fig. 2 , the location performance of the NC-DML DPD and the DML DPD methods are almost unaffected. The NC-SDF DPD and SDF DPD methods perform worse when locating two emitters, and they are even away from the corresponding CRB when SNR=20dB with model errors.
Thirdly, we set SNR=-10dB, and examine the location performance with the number of snapshots N ranging from 50 to 350, as shown in Fig. 6 . The figure shows that the proposed method outperforms other DPD methods in terms of location performance, and it get most close to the corresponding CRB. Note that the NC-SDF DPD and SDF DPD methods still far away from the corresponding CRB even if N = 350. 
VII. CONCLUSION
This paper has proposed a decoupled ML DPD method for strictly noncircular sources based on Doppler shifts and AOA. To exploiting the noncircular property of signals and meet the moving receivers application, we first have constructed the signal model for strictly noncircular sources by using Doppler shifts and AOA. Then, we have derived the CRB for noncircular sources and proved it is lower than that of circular sources in theory. Next, we have developed a decoupled iterative method instead of the straightforward implementation of prescribed ML estimator, relieving the computation load substantially. Via exploiting the noncircular property of sources, we transform the complex-valued eigenvalue decomposition into real-valued computations. Simulation results show that the proposed algorithm converges faster than the DML DPD algorithm for circular sources. Additionally, our algorithm performs more robust to low SNRs and model errors than other location methods. Therefore, compared with the two-step methods and the existing DPD algorithms for circular sources, the proposed algorithm receive superior location performance with an acceptable complexity. 
APPENDIX DERIVATION OF CRAMÉR-RAO BOUND
where 
